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Soil elastic moduli are highly pressure-dependent. Experimental ﬁndings have indicated that the
elastic shear modulus of sands depends on pv, where p is mean principal effective stress and v is a
non-dimensional parameter. v practically remains unchanged for shear strains less than 105 where
the mechanical behavior is purely elastic. However, experiments have revealed that the emergence of
plasticity for shear strains larger than 105 provokes a gradual increase in v. Technically, this observation
is an elastic–plastic coupling effect in which plasticity causes to change the elastic characteristics. Here,
this issue is considered in hyper-elasticity framework in conjunction with a critical state compatible
bounding surface plasticity platform for granular soils. To this aim, constitutive equations linking
v to a proper kinematic hardening parameter are presented. Then, using the proposed approach, a
hyper-elastic theory is modiﬁed to consider the mentioned elastic–plastic coupling effect in the whole
domain of the elastoplastic behavior. Adopting the improved hyper-elasticity necessitates the modiﬁca-
tion of a number of basic plasticity platform elements. In this regard, dilatancy and plastic hardening
modulus of the bounding surface platform are modiﬁed. Successful performance of the modiﬁed
constitutive model is presented against experimental data of loading/unloading triaxial tests.
 2014 Elsevier Ltd. All rights reserved.1. Introduction
The restriction imposed on the volume change under the
undrained condition in which liquefaction occurs, necessitates a
balance between the elastic and plastic portions of the volume
change. Hence, the elastic branch of the behavior can have a
remarkable inﬂuence on the elasto-plastic aspects of the mechan-
ical behavior of liqueﬁable soils. The elasticity of granular soils is
considered to be complex when it is compared with that of the
other engineering materials like metals. In contrast, the elastic
moduli of granular soils highly depend on density as well as mean
principal effective stress. Moreover, the elastic moduli evolve as a
result of the stress-induced anisotropy associated with the history
of previous shear loadings (e.g., Koseki et al., 2000; Kuwano and
Jardine, 2002; Ezaoui and Di Benedetto, 2009). The latter phenom-
enon is an aspect of the so-called elastic–plastic coupling in which
the emergence of plastic behavior provokes the variation in the
elastic characteristics (e.g., Hueckel, 1976; Bigoni and Hueckel,
1991; Gajo and Bigoni, 2008; Lashkari, 2010). In soil mechanics,
elastic theories are predominantly categorized as Hypo-elastic
which is an extended class of the elasticity theory where the stress
rate tensor is a function of the current stress, stress rate, and strainrate tensors, as well as the joint invariants of the stress and strain
tensors (e.g., Truesdell and Noll, 1965). However, it has been
shown that such theories are not energy conservative and may lead
to unrealistic or unsafe design (e.g., Zytynski et al., 1978; Borja
et al., 1997). A remedy for this deﬁciency is considered in hyper-
elasticity in which elastic constitutive equations are derived from
the so-called elastic free energy functions. Recently, Einav and
Puzrin (2004) introduced a versatile Gibbs free energy function
and obtained elastic moduli similar to those of experimental ﬁnd-
ings for granular soils. In a comprehensive study, Houlsby et al.
(2005) established conjugate Helmholtz and Gibbs free energy
functions through the Legendre transform and suggested a new
class of hyper-elasticity for granular media. Finally, another Helm-
holtz type approach was proposed by Jiang and Liu (2003, 2007).
Unexpectedly, these formulations exhibit distinct characteristic
features (see Humrickhouse et al., 2010). For example, the hyper-
elastic theory of Jiang and Liu (2003, 2007) suffers from the exis-
tence of an unstable region in stress space. The other example is
that a limiting stress ratio exists in the hyper-elasticity of Einav
and Puzrin (2004) which does not take place in the theory of
Houlsby et al. (2005). Instead, the latter formulation permits both
compressive and tensile stresses for granular soils, which is not
realistic. Hueckel (1976) introduced the concept of hyper-elasticity
with elastic–plastic coupling by which the effect of the plastically-
induced change of the elastic response can be studied. Recently,
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plastic coupling in conjunction with hyper-elasticity by inclusion
of a second order fabric tensor in deﬁnition of Helmholtz free
energy function. They proved that the plastically-induced change
in the elasticity markedly inﬂuence strain localization.
It has been shown that considering the inﬂuence of induced
anisotropy on plastic hardening modulus and dilatancy of the kine-
matic hardening constitutive models leads to a signiﬁcant
improvement in simulation of liquefaction due to cyclic loadings
(e.g., Papadimitriou et al., 2001; Dafalias and Manzari, 2004). Both
plastic hardening modulus and dilatancy are related to the plastic
branch of the behavior; however, it is worthy to note that the
elastic part of the behavior is always assumed isotropic in the
above-mentioned models, which is a ﬂaw. Recently, Lashkari
(2010) suggested a hypo-elastic model with elastic–plastic
coupling and showed that the induced anisotropy of the elasticity
participates actively in the explanation of the sudden loss in shear
strength in undrained cyclic shearing of dense sands.
Recent hyper-elastic models for granular soils can take into
account the inﬂuence of shear stress-induced anisotropy in a nat-
ural unforced way (e.g., Einav and Puzrin, 2004; Houlsby et al.,
2005). In Section 7 of this study, it is shown that members of the
latter generation of hyper-elastic constitutive models are not capa-
ble of proper simulation of behavior due to insufﬁcient generation
of anisotropy in elasticity. In Section 2, it is discussed that the elas-
tic moduli of granular soils depend on the term pv, where p is mean
principal effective stress and v(<1) is a dimensionless parameter. v
remains unchanged when soil behavior is purely elastic. However,
v increases gradually with shear stress ratio towards an asymp-
totic value in the elastoplastic domain of the behavior. The evolu-
tion of v is an aspect of the elastic–plastic coupling which has not
yet been considered in the ﬁeld of soils constitutive modeling. In
the present study, general formulation of a bounding surface plas-
ticity model with the possibility of elastic–plastic coupling through
the evolution of v is presented. Then, a Gibbs free energy function
similar to that of Einav and Puzrin (2004) is adopted. Unlike the
original deﬁnition, the term v evolves with a proper hardening
parameter in the modiﬁed Gibbs free energy function of this study.
It is shown that the latter feature enables elasticity to properly
consider the inﬂuence of elastic–plastic coupling.2. Elastic shear modulus in granular soils
2.1. Elastic shear modulus at extremely low shear stress levels
Extensive experimental studies have revealed that isotropically
consolidated soils behave elastically and their volumetric and
shear strains are uncoupled at very low strain levels (say less than
105) (e.g., Hardin and Richart, 1963; Hardin and Black, 1966;
Silver and Seed, 1971; Iwasaki et al. 1978; Kokusho, 1980;
Viggiani and Atkinson, 1995; Ishihara, 1996; Koseki et al., 2000;
Wichtmann and Triantafyllidis, 2009). The so-called small strain
shear modulus of granular soils (i.e., measured at shear strains less
than 105 applied to isotropically consolidated samples) can be
expressed by the following general relationship:
G ¼ G0pref FðeÞð
p
pref
Þ
v
ð1Þ
where, G0 is a dimensionless constant and pref is a reference normal-
izing pressure that is usually taken as the atmospheric pressure
(101 kPa). F(e) is a function of void ratio, e, which takes into
account the inﬂuence of void ratio (i.e., soil density) on G. It is
known that soil gradation and particles characteristics (angularity
or roundness) affect F(e). There are a number of suggestions in
the literature for this function: the best known suggestionsare FðeÞ ¼ ð2:97 eÞ2=ð1þ eÞ, and FðeÞ ¼ ð2:17 eÞ2=ð1þ eÞ, respec-
tively, for granular soils with angular and round grains (e.g., Hardin
and Black, 1966). FðeÞ ¼ e1:3 was introduced by Jamiolkowski et al.
(1994). Recently, Wichtmann and Triantafyllidis (2009) studied the
inﬂuence of void ratio on elastic shear moduli of granular soils
having 25 different grain-size distributions and suggested
FðeÞ ¼ ½1:94 expð0:066CuÞ  e2=ð1þ eÞ where Cu (=d60/d10) is the
uniformity coefﬁcient. Mean principal effective stress has a great
inﬂuence on the elastic shear moduli of soils through the term
(p/pref)v. Hardin and Black (1966) recommended v0  0.5 [note that
v0 is the value of v measured at very low shear stress levels when
soil behaves purely elastic]. Carraro et al. (2009) observed the
increase of v0 with Cu in resonant column tests. Recently,
Wichtmann and Triantafyllidis (2009) suggested v0 ¼ 0:40C0:18u for
sands with different grain-size distributions in the resonant column
apparatus which imposes extremely low shear strains. The depen-
dence of the elastic moduli on pressure is the unique feature of
granular media which have provoked many debates. In the litera-
ture, Hertz (1882) is the ﬁrst one who studied the elastic moduli
of granular media by ﬁnding an analytical solution for the contact
stiffness of two identical smooth spheres. In the Hertz’s (1882) ana-
lytical solution, the contact elastic stiffness depends on P1/3 where P
is the applied normal pressure. Jenkins and Strack (1993) applied a
mean ﬁeld approach for the isotropic compression of triaxial sam-
ples of random arrays of identical spheres and again obtained
v0 = 1/3. It is worth noting that in the majority of available experi-
mental data, v0 = 0.4–0.5 has been reported. Goddard (1990) stated
that the discrepancy between the theoretical and observed values of
v0 might be due to the assumption of the roundness of the grains.
This explanation is in agreement with the recent ﬁndings of Cho
et al. (2006) who reported the decrease in v0 with the increase in
roundness and sphericity.
2.2. Effect of large amplitude shear stress on elastic moduli
Surprisingly, when granular soils are subjected to moderate-
large shear stress beyond the pretty small elastic domain, it has
been found that v remains no more constant and increases gradu-
ally in the elastoplastic domain of behavior (e.g., Kokusho, 1980;
Ishihara, 1996; Koseki et al., 2000; Ezaoui and Di Benedetto,
2009). Recently, Koseki et al. (2000) reported experimental evi-
dence on evolution of v in cyclic triaxial and torsion shear tests.
In testing program, isotropically consolidated samples were sub-
jected to large amplitude cyclic shear stress in triaxial and torsion
shear cells. Prior to the application of shear stress, the small strain
elastic moduli were measured at different isotropic stress states.
In addition, extremely small cycles of shear stress were imposed
on each sample during the second phase in which samples were
subjected to a large amplitude shear stress. It is worth noting that
even when the soil samples are subjected to large shear stress, the
behavior is almost purely elastic during the small unloading–
reloading cycles. Hence, unloading–reloading curves can be
applied to indicate the elastic shear moduli. The measured shear
stress–shear strain response, and stress path of a cyclic triaxial test
are illustrated in parts (a) and (b) of Fig. 1. According to the isotro-
pic elasticity theory, the tangent to the stress path under constant
volume condition should be parallel to the q-axis. Stress path of a
very small cycle of shear unloading–reloading is shown in Fig. 1(c).
It is observed that the unloading–reloading curve makes a sharp
slope with respect to the q-axis which is contrary to the isotropic
elasticity theory. This issue corroborates a gradual deviation from
isotropy associated with the shear stress-induced anisotropy of soil
microstructure.
Koseki et al. (2000) calculated the tangent elastic Young and
shear moduli during both isotropic and large shear phases of the
behavior (e.g., see Fig. 1(d) for G in a small unloading–reloading
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Fig. 1. An undrained cyclic triaxial tests on a dense sample (e = 0.67, Dr = 81%) of
Toyoura sand: (a) stress path; (b) shear stress–axial strain relationship; (c) stress
path in a small unloading–reloading path; and (d) measuring tangent G in a small
unloading–reloading path (data from Koseki et al. (2000)).
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Fig. 3. The evolution of v depicted vs. shear strain.
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of tests normalized by F(e) (in order to eliminate the inﬂuence of
density) are shown in Fig. 2. Considering that the data are drawn
in logarithmic scale and recalling Eq. (1), one can easily conclude
that v is indicated by the slope of the best ﬁtted line to the data
(see Section 4). Surprisingly, the average v measured for the sam-
ples subjected to the large amplitude shear stress is signiﬁcantly
increased (56%) compared with that of the small amplitude shear
strains. A similar conclusion can be found in other experimental
studies on the inﬂuence of large amplitude shear stress on the elas-
tic moduli of granular soils (e.g., Silver and Seed, 1971; Drenvich
et al., 1967; Hardin and Richart, 1963; Kuribayashi et al., 1975;
Kokusho, 1980; Iwasaki et al., 1978; Ishibashi and Zhang, 1993;
Ishihara, 1996; Ezaoui and Di Benedetto, 2009; Oztoprak and
Bolton, 2013). Using the available data in the literature, theevolution of v with shear strain is illustrated in Fig. 3. Finally,
Ishihara (1996) suggested that vmay not attain values larger than
1 at the critical state. The same idea can be found in Ishibashi and
Zhang (1993). Referring to the data of various studies shown in
Fig. 3, this upper bound appears reasonable.
It was very common to use hypo-elastic models to simulate the
mechanical behavior of granular soils earlier than the birth of elas-
toplastic constitutive models. In the hypo-elastic notion, variations
of the elastic soil parameters should be deﬁned in terms of stress
and strain variables (e.g., Truesdell and Noll, 1965). Therefore, elas-
tic parameters are usually related to mean principal effective stress
and shear strain in soil hypo-elastic models (e.g., the hyperbolic
model). As a consequence, G/Gmax  c and D (damping ratio)-c
curves have been devised in order to be used alongside soil
hypo-elastic models for static and dynamic analyses in geome-
chanics. Similarly, the evolution of v due to shearing has been
2810 A. Golchin, A. Lashkari / International Journal of Solids and Structures 51 (2014) 2807–2825reported by many researchers in terms of c. Even in the recent
study by Oztoprak and Bolton (2013), v–c curves have been
reported. Currently, very sophisticated soil constitutive models
are available; however, G/Gmax  c and Dc curves are still in use
as a tradition. Surprisingly, in some cases, recent constitutive mod-
els are evaluated in simulation of G/Gmax  c and D–c curves (e.g.,
Li and Dafalias, 2000; Papadimitriou et al., 2001). Herein, the evo-
lution of v is considered as an elastic–plastic coupling phenome-
non in conjunction with the kinematic hardening frame in which
the change in back-stress ratio (a kinematic hardening variable)
is the central cause of the change in v.
3. A coupled elastic–plastic bounding surface model for sands
3.1. General formulation
The mathematical framework suggested by Hueckel (1976),
Bigoni and Hueckel (1991) and Collins and Houlsby (1997) for cou-
pled elastic–plastic materials is adopted here. Let us assume that
the hyper-elastic response of granular media is uniquely deﬁned
through the Gibbs free energy function expressed by:
C ¼ Cðp; q;vÞ ð2Þ
where, the stress variables p(=(r1 + 2r3)/3) and q(=r1–r3) are,
respectively, mean principal effective stress and shear stress
deﬁned in the triaxial space. v in Eq. (2) varies as a direct function
of proper hardening parameter(s). Hence, for purely elastic
response, _v ¼ 0 and as a result, v becomes a dead parameter and
soil behavior becomes of uncoupled type. However, for the elasto-
plastic domain of the behavior, _v–0 and this feature enables Eq.
(2) to consider the elastic–plastic coupling. According to the deﬁni-
tion of hyper-elastic solids (e.g., Hueckel, 1976; Collins and
Houlsby, 1997), elastic strains are calculated by:
eev ¼
@Cðp; q;vÞ
@p
¼ C;p; eeq ¼
@Cðp; q;vÞ
@q
¼ C;q ð3Þ
where, eevð¼ ee1 þ 2ee3Þ and eeq ¼ 2=3ðee1  ee3Þ are, respectively, the
elastic volumetric and shear strains. X,Y is the compact form for
operation @X/@Y. Rates of elastic strains with respect to Eq. (3) are:
_eev ¼ C;pp _pþ C;pq _qþ C;pv _v; _eeq ¼ C;qp _pþ C;qq _qþ C;qv _v ð4ÞTable 1
Essential elements of the bounding surface constitutive model of this study.
Description Constitutive equations
Strain rates decomposition (Collins and
Houlsby, 1997)
_ev ¼ _eev þ _epv ¼ _eerv þ _eeiv þ _epv ¼ _eerv þ _eiv
_eq ¼ _eeq þ _epq ¼ _eerq þ _eeiq þ _epq ¼ _eerq þ _eiq
Plastic hardening modulus
Kp ¼ hðe; pÞ a
b  sa
ja ainj
pref
p
 1v
where, ain is the initial value of a in th
Hardening coefﬁcient
hðe; pÞ ¼ h0ð1 ch1eÞ 1þ ch2hwiN exp
2
4
maximum value of sa/ab attained in pr
Dilatancy function
d ¼ _e
i
v
s _eiq
¼ Aðad  saÞ
Bounding and dilatancy surfaces Mb ¼ M expðnbwÞ; Md ¼ M expðndwÞ
State parameter (Been and Jefferies, 1985) w ¼ e ec
Critical state line in e–p plane ec ¼ e0  kðp=pref Þn
Back stress ratios associated with the
bounding and dilatany surfaces
ab ¼ Mb m; ad ¼ Md m
Critical state stress ratio M ¼ Mc when g a ¼ m
M ¼ Me when a g ¼ mThe ﬁrst two terms in the elastic volumetric and shear strain
rates are recoverable (reversible), but the last ones are irrecover-
able (irreversible) upon stress unloading, and this is mainly due
to fabric evolution associated with the history of previous shear
loadings. Hence, the following relationship can be established to
relate the rates of stress variables and the rates of recoverable elas-
tic strains:
_eerv
_eerq
( )
¼
_eev  C;pv _v
_eeq  C;qv _v
( )
¼ C;pp C;pq
C;qp C;qq
 !
_p
_q
 
ð5Þ
where, _eerv and _eerq are, respectively, the recoverable elastic volumet-
ric and recoverable elastic shear strain rates. In a similar fashion,
C;pv _vð¼ _eirv Þ and C;qv _vð¼ _eirq Þ are, respectively, the irrecoverable elas-
tic volumetric and the irrecoverable elastic shear strain rates.
Inversing Eq. (5) yields:
_p
_q
 
¼ 1
C;ppC;qq  C;pqC;qp
C;qq C;pq
C;qp C;pp
 
_eev  C;pv _v
_eeq  C;qv _v
 
¼ K J
J 3G
 
_eerv
_eerq
 
ð6Þ
where, K, J, and G are, respectively, the tangential elastic bulk, cou-
pling, and shear moduli. Special deﬁnitions of this study for these
moduli are presented in Section 3.4.
3.2. Coupling hyper-elasticity with a bounding surface plasticity model
The dependence of plastic modulus and dilatancy on state
parameter enables the bounding surface platform of Manzari and
Dafalias (1997) and Dafalias and Manzari (2004) to overcome the
crux of modeling the behavior of samples of different states (den-
sity and stress level) of the same sand using a single set of param-
eters. However, in this platform, a decoupled isotropic hypo-elastic
model undertakes the simulation of soil elastic behavior which is
the simplest possible selection.
Here, formulation of this platform is modiﬁed in order to make
possible adoption of a hyper-elastic model with elastic–plastic
coupling effects. To this aim, a number of essential elements of
the plasticity model of this study are presented through
Eqs. (7)–(15) of Table 1. Detailed studies regarding the remainingParameters Equation
number
– (7)
e most recent shear loading
– (8)
ch3
p
pref
 !20@
1
A
3
5 where N ¼ h1Hi. H is the
evious shear loading(s)
h0, ch1, ch2,
ch3
(9)
A (10)
[see Fig. 3] M, n
b, nd (11)
(12)
e0, k, n (13)
(14)
Mc, Me (15)
Table 2
Parameters used in simulations by the model of this study.
Category Parameter Value
Toyoura sand Hostun RF sand
Elasticity v0 0.45 0.44
vmax 0.95 0.95
G0 50 80.0
m 0.17 0.105
B 0.10 0.05
Critical state M 1.25 1.30
c 0.712 0.81
k 0.019 0.094
e0 0.934 0.955
n 0.70 0.30
Yield function m 0.001 0.001
Plastic hardening modulus h0 249.2 325
ch1 0.92 0.97
ch2 50.0 0
ch3 0.05 –
nb 1.0 1.5
Dilatancy A 0.60 0.55
nd 2.1 3.3
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[Eqs. (16)–(23) and (25)–(37)].
The yield function, the domain of pure elasticity, in q–p plane is
expressed by:
f ðg;aÞ ¼ jg aj m ¼ 0 ð16Þ
where, g = q/p is stress ratio, a is a hardening parameter indicating
the rotation of the yield function bisector with respect to the p-axis,
and m is a ﬁxed parameter which represents opening of the yield
function (see Fig. 4). One has f(g,a) < 0 when the mechanical
response is purely elastic, and the elastoplastic behavior com-
mences when the stress state reaches the yield function (i.e.,
f(g,a) = 0) and attempts to move beyond. At this stage, the so-called
consistency condition (i.e., _f ðg;aÞ ¼ 0) is called to relocate (rotate)
the bisector of the yield function accordingly in order to maintain
the stress state on the yield function. Imposing this condition leads
to the following law governing the evolution of the yield function:
_a ¼ _g ð17Þb
η
d
α
Fig. 4. Model surfaces in q–p triaxial stress space (e.g., Dafalias and Manzari, 2004).The plastic shear strain rate is calculated by:
_epq ¼
_g
Kp
¼ hLis ð18Þ
where, Kp is plastic hardening modulus [see Eq. (8) in Table 1]. L in
Eq. (27) is the plastic multiplier which gives the magnitude of the
plastic shear strain rate. s is determined according to the current
position of the stress state on the yield function: s = +1 if g  a =m,
and s = 1 if a  g =m. Finally, for an arbitrary scalar quantity x, one
has hxi ¼ x if x > 0 and zero otherwise.
Now, considering Eqs. (17) and (18) yields:
_a ¼ KpshLi ð19Þ
Referring to the basic assumptions made on the selection of a
proper Gibbs free energy function (see Eq. (2)), it was supposed
that v can evolve with a proper hardening parameter. Here, it is
assumed that a is the key hardening parameter controlling the
evolution of v through the following relationship:
v ¼ vðaÞ ¼ v0 þ ðvmax  v0Þ
jaj
jaj þ Bðab  jajÞ
 
ð20Þ
where, B is a model parameter controlling the evolution of v with
the change in a. Considering Eq. (20), v  v0 when the stress state
is close to the isotropic state (i.e., p– 0, but a  0). On the other
hand, when soil state approaches toward the bounding surface (as
the ultimate boundary of stress), one has jaj  ab; and as a result,
v  vmax.
Now, considering Eq. (20) results in:
_v ¼ v;a _a ¼ ðvmax  v0Þ
a
jaj
 
 Ba
b
jaj þ Bðab  jajÞð Þ2
_a ð21Þ
Remembering Eqs. (4) and (7), the irrecoverable parts of the vol-
umetric and shear strain rates become:
_eiv ¼ _eeiv þ _epv ¼ C;pv _vþ _epv
_eiq ¼ _eeiq þ _epq ¼ C;qv _vþ _epq
ð22Þ
by considering Eqs. (18) and (19), one has:
_eiv ¼ C;pvv;aKp _epq þ _epv ; _eiq ¼ 1þ C;qvv;aKp
 
_epq ð23Þ
In fully decoupled geomaterials (i.e., in the absence of the irre-
coverable volumetric and shear elastic strains), dilatancy is deﬁned
through the following constitutive equation:
d ¼ _e
p
v
s _epq
ð24Þ
For coupled geomaterials, it is worth reminding that all terms in
each strain rate presented in Eqs. (23) are irreversible upon stress
unloading. Considering this point, it becomes evident that none of
the existing conventionally available experimental devices and
their corresponding testing techniques is capable of direct separa-
tion of the irrecoverable elastic strain rate from the plastic strain
rate in volumetric and shear irrecoverable strain rates. Thus, Eq.
(24) can be generalized in the following form for elastic–plastic
coupled geomaterials:
d ¼ _e
i
v
s _eiq
¼ C;pvv;aKp
_epq þ _epv
s C;qvv;aKp _e
p
q þ _epq
  ð25Þ
Rearrangement of terms in Eq. (25) yields the following rela-
tionship for the volumetric plastic strain rate:
_epv ¼ ðsC;qvd C;pvÞv;aKp þ sd
 	
_epq ð26Þ
For elastic–plastic decoupled materials, v,a = 0, and as a result,
Eq. (26) reduces to Eq. (24).
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Considering Eqs. (16) and (18), one has:
_q _pg ¼ spKpL ð27Þ
Referring to Eq. (6), the above relationship can be written based
on the recoverable elastic strain rates:
ðJ  KgÞ _eerv þ ð3G JgÞ _eerq ¼ spKpL ð28Þ
Now, by considering Eq. (7), Eq. (28) becomes:
ðJ  KgÞð _ev  _eivÞ þ ð3G JgÞ _eq  _eiq

 
¼ spKpL ð29Þ
Replacing the obtained constitutive equations for _eiv and _eiq (see
Eqs. (23)) in Eq. (29) and rearrangement of the terms, it leads to the
following relationship for the plastic multiplier in the current
formulation:
L ¼ ð3G JgÞ _eq þ ðJ  KgÞ _ev
spKp þ ð1þ C;qvv;aKpÞ½sð3G JgÞ þ ðJ  KgÞd
ð30Þ
For non-evolving v (i.e., v;a ¼ 0), Eq. (30) is reduced to that sug-
gested by Lashkari (2010). Further simpliﬁcation for isotropic
hypo-elasticity (i.e., v;a ¼ 0 and J = 0) results in the plastic multi-
plier suggested by Li and Dafalias (2000) and Dafalias and
Manzari (2004).
3.4. Deﬁnition of a proper Gibbs free energy function
Similar to Einav and Puzrin (2004), a Gibbs free energy function
is deﬁned by:
Cðp; q;vÞ ¼ p
2v  ð2 vÞpp1v0
Kð2 vÞð1 vÞp1vref
þ q
2
6Gp1vref pv
 q0ð2qp0  vq0pÞ
6Gp1vref p
1þv
0
ð31Þ
where, p0 and q0 are respectively the initial values of mean principal
and shear stresses at zero elastic strains. K and G are material
parameters that may be linked to void ratio. The philosophy behind
Eq. (31) is described in Appendix A. By using Eq. (31) in conjunction
with Eq. (6), the following elastic moduli are obtained:
K ¼ 1
1 vðv1Þ2 g2 K3G

 Kpref ppref
 !v
ð32Þ
J ¼ 1
1 vðv1Þ2 g2 K3G

  ðvgKÞpref ppref
 !v
¼ vgK ð33Þ
G ¼ 1
1 vðv1Þ2 g2 K3G

  Gþ vðvþ 1Þ
6
g2K
 
pref
p
pref
 !v
ð34Þ
Under the isotropic stress condition (i.e., p– 0, q = 0 and hence,
g = 0 and v = v0). Eqs. (32)–(34) are reduced to:
K ¼ Kpref
p
pref
 !v0
J ¼ 0
G ¼ Gpref
p
pref
 !v0 ð35Þ
The elastic moduli of granular soils are density dependent. By
setting G ¼ G0FðeÞ and K ¼ K0FðeÞ, one can obtain elastic moduli
reported by Hardin and Richart (1963) for isotropic soils in
resonant column tests. In Eqs. (31)–(35) both G0 and K0 are dimen-sionless material parameters. For initially isotropic materials, small
shear amplitude elastic bulk and shear moduli are related through
K ¼ 2=3Gð1þ mÞ=ð1 2mÞ in which m is Poisson’s ratio measured at
small stress levels.
Despite the original form ﬁrstly suggested by Einav and Puzrin
(2004), the proposed hyper-elastic theory of this study is capable
of considering the plastically induced evolution of the elastic mod-
uli through the direct dependence of v on the plastic hardening
parameter a. Furthermore, the evolving nature of v leads to the
emergence of two additional terms (i.e., C,pv and C,qv) governing
the generation of irrecoverable elastic strains (see Eq. (4)). Refer-
ring to Eq. (31) and performing partial differentiations, one has:
C;pv ¼
1
Kð1 vÞ2
ððp=pref Þ1v  ðp0=pref Þ1vÞ þ
1
Kð1 vÞ
 ð lnðp=pref Þ  ðp=pref Þ1v þ lnðp0=pref Þ  ðp0=pref Þ1vÞ
þ 1
6G
g2ðp=pref Þ1v  g20ðp0=pref Þ1v

 
þ v
6G
g2 lnðp=pref Þ  ðp=pref Þ1v  g20 lnðp0=pref Þ  ðp0=pref Þ1v

 
ð36Þ
C;qv ¼
1
3Gpref
q
pref
p
 v
ln
pref
p
 
 q0
pref
p0
 v
ln
pref
p0
  
ð37Þ
In Eq. (36), g0 (=q0/p0) is the initial value of stress ratio at zero
elastic strains.
4. Calibration of the proposed model parameters
In total, the proposed model has 18 parameters. In the following
paragraphs, systematic procedures for determining these parame-
ters are described. It is noted that the graphical description of the
calibration procedures can be found in Papadimitriou et al. (2001),
Lashkari (2009) and Lashkari (2014) for the basic platform.
At extremely low shear stress levels, the proposed elasticity is
reduced to the elasticity of Hardin and Richart (1963) [see Eq.
(35)] for which v = v0. For this conﬁguration, Eq. (35) [or equally
Eq. (1)] can be written in the following form:
logG ¼ logðG0pref FðeÞÞ þ v0 log
p
pref
 !
ð38Þ
Eq. (38) indicates that the variation of logG vs. log (p/pref) data
deﬁnes a line, whose slope with respect to the logðp=pref Þ-axis is
v0 and logðG0pref FðeÞÞ is its intercept with the logG-axis. Hence,
having data of resonance column or bender element tests, one
can calculate G0 and v0. In the absence of such data, one can esti-
mate the elastic shear modulus by drawing tangents to the begin-
ning parts of q–eq curves. Then, by using v0 ¼ 0:40C0:18u
[Wichtmann and Triantafyllidis, 2009], G0 can be calculated by
Eq. (35) (or Eq. (38)). Poisson’s ratio, m, is obtained from the data
of resonant column tests.
Immediately after unloading, the soil behavior is nearly elastic.
By using Eqs. (6), (32), (33), and (34) the slope of the tangent to the
undrained stress path with respect to q-axis immediately after
unloading is:
b ¼ _p
_q
¼ 6vgð1þ mÞ
9ð1 2mÞ þ vðvþ 1Þð1þ mÞ ð39Þ
In cyclic undrained triaxial tests, g and b gain their asymptotic
values, M and bmax (±0.33 for various sands) in the loading
branches of the butterﬂy loops. By reading bmax directly from q–p
data of such tests, vmax can be calculated by:
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Fig. 5. Measured undrained behavior of Toyoura sand samples in triaxial device vs. simulations by using the model of this study for: (a) and (b) relatively dense samples
(e = 0.735, Dr = 64%); (c) and (d) medium-loose samples (e = 0.833, Dr = 38%); (e) and (f) loose samples (e = 0.907, Dr = 18%) (data taken from Verdugo and Ishihara (1996)).
0
100
200
300
0.75 0.85 0.95 1.05
Void Ratio, e [-]
Sh
ea
r S
tre
ss
, q
 [k
Pa
] (a) pin=100 kPa
0
100
200
300
0 5 10 15 20 25 30
Axial Strain, ε1  [%]
Sh
ea
r S
tre
ss
, q
 [k
Pa
] (b)
pin=100 kPa
0
500
1000
1500
0.75 0.85 0.95 1.05
Void Ratio, e [-]
Sh
ea
r S
tre
ss
, q
 [k
Pa
] (c) pin=500 kPa
0
500
1000
1500
0 5 10 15 20 25 30
Axial Strain, ε1  [%]
Sh
ea
r S
tre
ss
, q
 [k
Pa
] (d)
pin=500 kPa
Fig. 6. Measured drained behavior of Toyoura sand samples in triaxial device vs. simulations by using the model of this study for: (a) and (b) initial conﬁning stress = 100 kPa;
(c) and (d) initial conﬁning stress = 500 kPa (data taken from Verdugo and Ishihara (1996)).
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Fig. 7. Simulations vs. experimental data for a cyclic triaxial test on a sample of Toyoura sand (e = 0.79): (a) and (b) experiment results (Yang and Sze, 2011); (c) and (d)
simulations by using the elastic–plastic coupled model of this study; (e) and (f) simulations by using the plasticity model of Manzari and Dafalias (1997); (g) and (h)
simulations by using the plasticity model of Lashkari (2010).
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6vmaxMð1þ mÞ
9ð1 2mÞ þ vmaxðvmax þ 1Þð1þ mÞ
 Dp
Dq
ð40Þ
For the aim of constitutive modeling, data of tangential elastic
shear modulus must be used for the calculation of v (see Eq. (6)).
Nevertheless, values of v based on the secant and tangential shear
moduli are almost identical. Thus, in the lack of detailed data of
tangent shear modulus, one can estimate v by using data of the
secant shear modulus. B controls the pace of v through Eq. (20).
One can determine v for stress ratios other than M by using Eq.
(39) and then, calculate B by Eq. (20). A step-by-step matching of
the simulated curves with data shown in Fig. 3, as a substitute,
can be helpful in ﬁnding a reasonable estimate of B.Mc and Me are the slopes of the critical state line in q–p plane
measured, respectively, in the compression and extension modes
of triaxial. c is deﬁned by the ratio of Me/Mc. According to Li and
Dafalias (2000), the critical state line [Eq. (13)] can be represented
linearly when the critical void ratio, ec, is plotted against (p/pref)n.
Consequently, e0, k, and n are the parameters leading to the best
line ﬁtted to critical state data in ec  (p/pref)n plane. m indicates
the yield function size. m  0.001 is used in this study.
For monotonic undrained triaxial tests on medium-dense sam-
ples, dilatancy (Eq. (10)) is zero at phase transformation when
g =Md. Considering Eq. (11), nd is calculated by nd ¼ lnðMd=MÞ=wd
where Md and wd are the values of stress ratio and state parameter
at phase transformation. In monotonic drained triaxial tests on
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Fig. 8. Simulations vs. experimental data for a cyclic triaxial test on a sample of Toyoura sand (e = 0.80): (a) and (b) experiment results (Ishihara and Towhata, 1983); (c) and
(d) simulations by using the elastic–plastic coupled model of this study; (e) and (f) simulations by using the plasticity model of Manzari and Dafalias (1997); (g) and (h)
simulations by using the plasticity model of Lashkari (2010).
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stress ratio reaches its peak value (i.e., g =Mb). With respect to
Eq. (11), one has nb ¼ lnðMb=MÞ=wb whereMb andwb are the values
of stress ratio and state parameter at the peak value of stress ratio.
Eq. (9) is reduced to hðe; pÞ ¼ h0ð1 ch1eÞ in loose granular
soils for which hwi ¼ 0. Even in dense state, the term
expðch3ðp=pref Þ2Þ is negligible and Eq. (9) can be reasonably
estimated by hðe; pÞ ¼ h0ð1 ch1eÞwhen the initial value of p is rel-
atively large (say greater than 500 kPa). For the mentioned cases
(i.e., loose samples and dense samples with large initial p), h0
and ch1 can be determined by matching the model simulations to
the q–eq curves of triaxial tests. Finally, using data of triaxial teston dense sample initially sheared under relatively low values of
p, ch2 and ch3 can be determined using step-by-step matching of
the simulated curves and q–eq data.
Considering the deﬁnition of dilatancy given in Eq. (25), one can
obtain the following relationships for drained triaxial compression
tests:
d ¼ _e
i
v
_eiq
¼ _ev  _e
er
v
_eq  _eerq
¼ _ev  ð3G _p J _qÞ=ð3GK  J
2Þ
_eq  ðK _q J _pÞ=ð3GK  J2Þ
 Dev  ð3GDp JDqÞ=ð3GK  J
2Þ
Deq  ðKDq JDpÞ=ð3GK  J2Þ
ð41Þ
Table 3
Essential elements of the bounding surface model of Manzari and Dafalias (1997).
Description Constitutive equations Parameters Equation
number
Strain rates decomposition _ev ¼ _eev þ _epv
_eq ¼ _eeq þ _epq
– (42)
Isotropic hypo-elasticity See Eq. (47) in Table 4 for the isotropic hypo-elasticity G0 and m (47)
Plastic hardening modulus
Kp ¼ hðe;pÞ a
b  sa
ja ainj
pref
p
 0:5
where, ain is the initial value of a in the most recent shear
loading
– (43)
Hardening coefﬁcient hðe; pÞ ¼ h0ð1 ch1eÞ h0, ch1 (44)
Dilatancy function
d ¼ _e
p
v
s _epq
¼ Aðad  saÞ A (45)
Bounding and dilatancy surfaces Mb ¼ M expðnbwÞ ; Md ¼ M expðndwÞ [see Fig. 3] M, nb, nd (11) repeated
State parameter (Been and Jefferies, 1985) w ¼ e ec (12) repeated
Critical state line in e–p plane ec ¼ e0  kðp=pref Þn e0, k, n (13) repeated
Back stress ratios associated with the bounding and dilatany surfaces ab ¼ Mb m ; ad ¼ Md m (14) repeated
Critical state stress ratio M ¼ Mc when g a ¼ m
M ¼ Me when a g ¼ m
Mc, Me (15) repeated
Fabric–dilatancy and evolution laws (only in Dafalias and Manzari,
2004)
A ¼ A0ð1þ lhsziÞ; _z ¼ czh _epv iðszmax  zÞ A0, l
cz, zmax
(46)
Table 4
Formulation of different elasticity theories used in simulations illustrated in Fig. 15.
Elasticity theory/reference Constitutive equation Equation
number
Isotropic hypo-elasticity (e.g. Manzari and Dafalias,
1997; Dafalias and Manzari, 2004)
_p
_q
 
¼
Kpref
ﬃﬃﬃﬃﬃﬃ
p
pref
q
0
0 3Gpref
ﬃﬃﬃﬃﬃﬃ
p
pref
q
0
@
1
A _eev
_eeq
  (47)
Anisotropic hypo-elasticity (Lashkari, 2010)
_p
_q
 
¼
Kpref
ﬃﬃﬃﬃﬃﬃ
p
pref
q
ð3K  2GÞzpref
ﬃﬃﬃﬃﬃﬃ
p
pref
q
ð3K  2GÞzpref
ﬃﬃﬃﬃﬃﬃ
p
pref
q
3Gpref
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p
pref
q
0
@
1
A _eev
_eeq
 
The evolution law for ‘‘z’’ was deﬁned in Eq. (46)
(48)
Hyper-elasticity (Einav and Puzrin, 2004)
_p
_q
 
¼ 1
1þg224 KG

  Kpref
ﬃﬃﬃﬃﬃﬃ
p
pref
q
1
2gKpref
ﬃﬃﬃﬃﬃﬃ
p
pref
q
1
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  (49)
Hyper-elasticity (Houlsby et al., 2005)
_p
_q
 
¼ 1
1þg26 ðKGÞ
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Hyper-elasticity (Jiang and Liu, 2003, 2007)
_p
_q
 
¼ 1
1þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1g23 KG

 r 12
1ﬃﬃ
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obtained. Considering the latter point and Eq. (41), the parameter
‘‘A’’ can be determined.5. The model performance in simulating the mechanical
behavior of Toyoura sand
Toyoura sand is a ﬁne and uniformly graded sand with
sub-round to sub-angular grains. It has a mean diameter
d50 = 0.17 mm, uniformity coefﬁcient Cu = 1.7, maximum void
ratio = 0.977, and minimum void ratio = 0.597. Toyoura sand is
composed of 75% quartz, 22% feldspar, and 3% magnetite
(Verdugo and Ishihara, 1996).
According to Anandrajah and Kuganenthira (1995) and Thornton
(2000), soil fabric is brought to the so-called asymptotic state of
anisotropy as a consequence of large shear strains. In all experi-
ments selected here, samples were subjected to large shear stresslevels in such a way that their states approached towards the crit-
ical state as the asymptotic state of stress and density. Then, they
were subjected to shear reversal. Therefore, soil response immedi-
ately after shear reversal is both elastic and highly anisotropic.
Hence, such stress paths described above are very favorable for
the sake of studying the general performance of the proposed
model in the ﬁrst phase and the inﬂuences of stress-induced anisot-
ropy and elastic–plastic coupling in the second phase of loading.5.1. Evaluation of the general performance of the model
Covering a wide range of initial conﬁning stress and density val-
ues, an extensive series of drained and undrained triaxial tests was
conducted by Verdugo and Ishihara (1996) on samples of Toyoura
sand. In this testing program, samples were ﬁrst isotropically con-
solidated. Then, they were subjected to drained/undrained shear
stress up to a ﬁxed value of axial strain (25%). Finally, when the
A. Golchin, A. Lashkari / International Journal of Solids and Structures 51 (2014) 2807–2825 2817strain threshold was reached, samples were fully unloaded to the
isotropic stress state without changing the drainage condition.
The mechanical behavior immediately after shear reversal was
dominantly elastic.
For four tests on relatively dense samples (e = 0.735, Dr  64%)
starting at p = 100, 1000, 2000, and 3000 kPa, predictions by the
proposed model are depicted with experimental data through
parts (a) and (b) of Fig. 5. For medium-loose samples (e = 0.833,
Dr  38%), similar comparisons are presented in parts (c) and (e).
Finally, the predicted behaviors of three loose samples (e = 0.907,
Dr  18%) are drawn against the corresponding experiments in
Fig. 5(e) and (f). In all cases, one can ﬁnd a reasonable agreement
between the predictions and experiments in both loading and
unloading stages.
To show the model applicability under drained condition, the
model predictions are compared with the results of six loading/
unloading drained tests in Fig. 6. The tests cover both loose and
dense states and comparisons are presented in terms of the varia-
tion of shear strength with axial strain and void ratio. In all cases, a
realistic agreement can be observed between the experimental
data and the model predictions. Compared with predictions pro-
vided by Dafalias and Manzari (2004), a closer correspondence
can be found for q–e curves in the unloading phase. Among the
variables having inﬂuence on the constitutive equations presented
in Eqs. (31)–(37) [p, q, g, v, and F(e)], the maximum percentage of
the change in F(e) is always less than 16% for the tests considered
in this study which is remarkably less than those of the other vari-
ables. For this reason, the variation in F(e) was considered small
and ignored in derivation of the elastic moduli.-0.4
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Houlsby et al. (2005)5.2. Simulation of cyclic undrained tests
In Section 5.1, simple loading/unloading paths were simulated.
Here, more complicated cyclic triaxial tests on the same sand sam-
ples are considered. For two cyclic undrained tests, the experimen-
tal data are compared with the corresponding simulations
obtained from the elastic–plastic coupled model of this study in
Figs. 7 and 8. For comparison, simulations of the same tests by
using two other elastic–plastic models (i.e., Manzari and Dafalias,
1997; Lashkari, 2010) are also shown in Figs. 7 and 8. These two
constitutive models employ similar constitutive equations for the
calculation of the plastic strain rates [see Table 3]; nevertheless,
the elastic strain rates are calculated by using totally different elas-
tic theories. The uncoupled model of Manzari and Dafalias (1997)
uses an isotropic hypo-elastic model for the calculation of elastic
strain rates (see Eq. (47) in Table 4), while in the coupled model0.3
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Fig. 9. Evolution of v simulated by using the proposed model of this study for a
dense sample (w = 0.18, pin = 100 kPa, e = 0.735), a very loose sample (w = +0.128,
pin = 2000 kPa, e = 0.907), and a sample in neither loose, nor dense state (w = +0.006,
pin = 3000 kPa, e = 0.735) (references for data are presented in Fig. 3).of Lashkari (2010), elastic strain rates are obtained from an aniso-
tropic hypo-elastic model (see Eq. (48) in Table 4). The term
ð3K  2GÞzpref
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
p=pref
q
in Eq. (48), evolves with dilative volumetric
plastic strain rate (see Eq. (46) for _z). As a result, the comparative
difference between the simulated behaviors in comparisons pre-
sented in Figs. 7 and 8 can be attributed to the difference between
the elasticity theories.
Figs. 7 and 8 clearly show that the coupled model of this study
can suitably replicate the stress paths and patterns of pore water
pressure generation when its predictions are compared with those
obtained from the models of Manzari and Dafalias (1997) and
Lashkari (2010).
5.3. Evolution of v
The evolution of v has been conventionally illustrated in terms
of shear strain in the existing experimental studies. Nevertheless,
from the elastic–plastic coupling viewpoint, the evolution of v
should be linked to the proper hardening parameters such as
back-stress ratio (see Eqs. (20) and (21)). Due to lack of proper
experimental data in the literature, the model simulations are
compared with the existing experimental data in v–c plane.
For the three tests considered in 5.1, evolution of v prior to the
unloading phase is studied here. In this regard, a sample initially
having the densest state (pin = 100 kPa, e = 0.735, win = 0.18), a
sample initially having the loosest state (pin = 2000 kPa, e = 0.907,
win = +0.128), and a sample initially in a neither dense, nor loose
state (pin = 3000 kPa, e = 0.735, win = +0.006) are selected. The
model predictions together with the existing data of v for Toyoura
sand are presented in Fig. 9. For the aim of comparison, other avail-
able data in the literature are included in the ﬁgure. It can be
observed that the simulations enfold experiment points. In-0.6
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Fig. 10. Simulations vs. measured data for the undrained elastic unloading/
reloading paths in the cyclic triaxial test shown in Fig. 1: (a) evolution of the
slopes of small undrained unloading/reloading cycles; (b) evolution of Young’s
elastic moduli ratio.
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located in a very narrow range.5.4. Slope of undrained stress path in small amplitude unloading/
reloading paths
Five elastic models with different theoretical backgrounds are
presented in Table 4. The ﬁrst elastic model (see Eq. (47)) is an iso-
tropic hypo-elastic model. Eq. (48) represents an anisotropic hypo-
elastic model in which, the term ð3K  2GÞzpref
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
p=pref
q
evolves with
the fabric–dilatancy term (z) [G and K were introduced in Eq. (35)].
Both models do not conserve energy in an arbitrary closed-loop
stress path; nevertheless, the latter one takes into account the
inﬂuence of dilation-induced anisotropy on elasticity. Through
Eqs. (49)–(51), the constitutive equation of three hyper-elastic
models of Einav and Puzrin (2004), Houlsby et al. (2005), and
Jiang and Liu (2003, 2007) are presented. All three hyper-elastic
models guarantee to conserve energy in every arbitrary closed-loop
stress path; however, they ignore the possibility of elastic–plastic
coupling (see Introduction for the features of each hyper-elastic
model). Based on the comparisons presented in Section 5.2, the0
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Fig. 11. Simulation of the mechanical behavior of Hostun RF sand samples by using the
triaxial tests on samples of various densities all started at p = 300 kPa; (c) and (d) drain
stress; (e) and (f) undrained triaxial tests (data taken from Lefebvre (1987), Bahloul (19inﬂuence of elastic constitutive equations on the overall perfor-
mance of elastic–plastic constitutive models is evident. In this
section, it is shown that the slope of the tangent to very small
undrained unloading/reloading paths, in which soil behavior is
essentially elastic can be used as an index of elastic anisotropy.
According to the elasto-plasticity theory, stress state enters the
yield function and the mechanical behavior of soil becomes purely
elastic immediately after unloading. Moreover, the mechanical
behavior of granular soils becomes gradually anisotropic when
they are subjected to large amplitude shear stress. By adopting
the above phenomena, a number of researchers have studied the
anisotropic elastic response of granular soils and its gradual evolu-
tion by imposing very small unloading/reloading undrained cycles
during large amplitude shear tests (e.g., Koseki et al., 2000; Gajo
et al., 2001; Ezaoui and Di Benedetto, 2009). An example of such
tests was previously presented in Fig. 1. Herein, this issue is further
studied from a quantitative view point.
According to Graham and Houlsby (1983), the following consti-
tutive equations can describe the anisotropic elastic response of
soils:
_p ¼ K _eerv þ J _eerq ; _q ¼ J _eerv þ 3G _eerq ð52Þ-6
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90), Meghachou (1992) and Gajo and Muir Wood (1999)).
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arbitrary inﬁnite small elastic unloading/reloading cycle under
undrained condition (i.e., _eerv ¼ 0), one has:
_p ¼ J _eerq ; _q ¼ 3G _eerq ð53Þ
Thus, the instantaneous slope of the tangent to the elastic
unloading/reloading stress path with respect to the q-axis becomes
(see Fig. 1(c)):
tanb ¼ _p
_q
¼ J
3G
ð54Þ
For the isotropic hypo-elastic model of Eq. (47), J = 0 and hence,
tanb ¼ J=ð3GÞ ¼ 0 is obtained. For the anisotropic hypo-elastic
model of Eq. (48), tanb becomes:
tanb ¼ J
3G
¼ K
G
 2
3
 !
z ð55Þ
In Eq. (55), tanb varies with the fabric–dilatancy term (z). Con-
sidering Eq. (46), one has _z– 0 only when soil is in dense state
(w < 0) where h _epv i – 0 and for samples in loose state (w > 0),
one has h _epv i ¼ 0 and tanb = 0. Parts (a) and (b) of Fig. 1 present
an undrained cyclic test in which a large number of small unload-
ing/reloading cycles were performed during the test. The stress
path of a small unloading/reloading cycle, zoomed up in Fig. 1(c),
clearly indicates that tanb–0. Furthermore, the mentioned unload-
ing/reloading cycle were conducted in the contractive regime of
behavior (w > 0) and thus, tanb = 0 is predicted by the anisotropic
hypo-elastic model of Eq. (48). For the small unloading/reloading
cycle of Fig. 1(c), both the isotropic and anisotropic hypo-elastic
models, Eqs. (47) and (48), predict tanb = 0 that is unrealistic.
For the hyper-elastic models of Eqs. (49)–(51), tanb is
calculated by:
tan b ¼ _p
_q
¼ J
3G
¼ gK
6Gþ ð3=4ÞKg2 ð56Þ
for Einav and Puzrin (2004)
tan b ¼ _p
_q
¼ J
3G
¼ gK
6Gþ 2Kg2 ð57Þ
for Houlsby et al. (2005)
tan b ¼ _p
_q
¼ J
3G
¼ gK
3G 1þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 K
3G
g2
q
  ð58Þ
for Jiang and Liu (2003, 2007)
According to Eqs. (56)–(58), tanb evolves with the stress ratio
(g).
By using Eqs. (33) and (34), the term tanb in the coupled hyper-
elastic model of this study is calculated by:
tan b ¼ _p
_q
¼ J
3G
¼ vgK
3 Gþ vðvþ1Þ6 g2K

  ð59Þ
In Eq. (59), v evolves gradually with back-stress ratio (a)
through Eq. (21).
In Fig. 10(a), predicted values for Dp/Dq (=tanb by using the
elastic–plastic coupled model of this study are illustrated together
with the corresponding experimental data extracted from Fig. 1(a).
A reasonable correspondence in both the pattern and the maxi-
mum values of b can be observed. The achievement becomes
clearer by noting that b is always zero in the predictions obtained
by using the isotropic hypo-elastic model. Moreover, the maxi-
mum values of b predicted by the uncoupled hyper-elastic models
of Einav and Puzrin (2004) and Houlsby et al. (2005) are about half
of that obtained from the experiments.According to Graham and Houlsby (1983), Gajo et al. (2001),
Gajo (2004) and Muir Wood (2012) among others, the term tanb
can be related to Young’s moduli ratio Eh/Ev trough the following
equation:
Eh
Ev
¼ 2 6 tan b
2þ 3 tan b ð60Þ
where, Eh and Ev are, respectively, Young’s moduli in horizontal and
vertical directions in a triaxial sample. tanb = 0 leads to Eh = Ev
implying elastic isotropy. According to Eqs. (56)–(59), tanb evolves
with stress ratio towards a non-zero asymptotic value at critical
state (i.e., g =M). As a consequence, Eh– Ev is obtained when soil
is subjected to shear stress and the elastic behavior becomes grad-
ually anisotropic. In Fig. 10(b), the predicted Eh/Ev ratios are com-
pared with the estimated values based on the experimental data.
It is observed that the proposed coupled model of this study can
reasonably predict the evolution of Eh/Ev ratio against stress ratio.
6. The model performance in simulation of Hostun RF sand
behavior
The mechanical behavior of Hostun RF sand has been exten-
sively studied using triaxial apparatus (Lefebvre, 1987; Bahloul,
1990; Meghachou, 1992; Gajo and Muir Wood, 1999; Gajo et al.,
2000; Gajo et al., 2001). This sand has a mean diameter of
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Fig. 13. Comparisons of simulations and experimental results for b and the ratio of horizontal to vertical Young’s moduli (Eh/Ev) under various stress paths: (a) and (b)
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ratio = 1.00, and minimum void ratio = 0.656.
6.1. Simulation of conventional drained and undrained tests over a
wide range of initial density values
The model predictions for a number of drained and undrained
tests are depicted vs. corresponding experiments in Fig. 11. Tests
cover a wide range of density and initial conﬁning effective stress
values. In all cases, a reasonable agreement between the model
predictions and the data is evident.
6.2. Simulation of the evolution of anisotropy in elasticity
Gajo et al. (2001) studied the evolution of anisotropy in the
elastic behavior of Hostun RF sand samples by performing mono-
tonic and cyclic drained triaxial tests (see Fig. 12). During each
drained test, a number of small amplitude undrained unloading/
reloading cycles were conducted (an example is shown by a circle
in Fig. 12(b)). Considering the points discussed in Section 5.4, theevolution of b (slope of the tangent to the small unloading/reload-
ing cycles) can be used as a measure of anisotropy in elasticity.
Evolution of the angle b for three tests, whose stress paths are
shown in Fig. 12, is simulated and compared with the correspond-
ing experimental data in parts ‘‘a’’, ‘‘c’’, and ‘‘e’’ of Fig. 13. The ratio
of the horizontal to vertical Young’s moduli (Eh/Ev) can be related
to tanb through Eq. (60). For two monotonic tests, the evolution
of Eh/Ev ratio with axial strain is depicted in parts ‘‘b’’ and ‘‘d’’ of
Fig. 13. From a micromechanical point of view, monotonic shearing
in the compression side (see Fig. 12(a)) forms new strong force
chains between soil grains along the major principal stress direc-
tion (i.e., the vertical direction) and steadily diminish the old force
chains along the minor principal stress direction (i.e., the horizon-
tal direction). These concurrent phenomena result in a gradual
increase in Ev and a decrease in Eh. For the cyclic test (see
Fig. 12(b)), a more complex pattern is observed in Fig. 13(f). Similar
to the monotonic tests, shearing towards the compression side
causes the Eh/Ev ratio to decrease steadily in the ﬁrst cycle of shear-
ing. When loading is reversed towards the extension side, the hor-
izontal stress component increasingly becomes the dominant
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along the vertical direction start to diminish and some new strong
force chains along the horizontal direction start to develop. As a
result, the Eh/Ev ratio increases up to 4.5 in the extension side.
In the last cycle of shearing (towards the compression side), the
ratio Eh/Ev decreases signiﬁcantly again due to the re-creation
and re-elimination of force chains in vertical and horizontal direc-
tions, respectively.
Gajo et al. (2000) considered the unstable behavior of Hostun RF
sand in drained q-constant stress paths. During those tests, a num-
ber of undrained unloading/reloading cycles were applied to the
samples that made them suitable for our purpose. For a drained
q-constant stress path shown in Fig. 14(a), the predicted evolution
of b with axial strain and mean principal effective stress are,
respectively, shown together with the experimental data in parts
‘‘b’’ and ‘‘c’’ of Fig. 14. The evolution of Eh/Ev ratio with axial strain
and mean principal effective stress is studied in parts ‘‘d’’ and ‘‘e’’
of Fig. 14. Observing a reasonable correspondence between the
measured and the simulated results through Figs. 13 and 14veriﬁes the proposed coupled elastic–plastic approach. The model
parameters used in the simulations of Hostun RF sand are pre-
sented in Table 2. Further evaluation of the proposedmodel against
experimental data of Fuji river sand can be found in Lashkari and
Golchin (2014).
7. Study on the inﬂuence of various elasticity theories on the
simulated behavior
A number of elasticity theories with different theoretical back-
grounds are presented in Table 4. The assumptions behind each
elastic theory were discussed in Introduction and Section 5.4. In
this section, the elastic models of Table 4 are separately imple-
mented in the bounding surface plasticity platform of Manzari
and Dafalias (1997), whose detailed formulation is presented in
Table 3. Totally, ﬁve constitutive models with different elastic the-
ories can be identiﬁed for the calculation of elastic strain rates, but
all have the same constitutive equations for the calculation of plas-
tic strains. By a direct comparison of simulations obtained from
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Fig. 15. Evaluation of elasto-plastic models obtained from the implementation of various elasticity theories within the basic platform of Dafalias and Manzari (2004): (a)
isotropic hypo-elasticity (Manzari and Dafalias, 1997); (b) isotropic hypo-elasticity in conjunction with fabric–dilatancy effects (Dafalias and Manzari, 2004); (c) anisotropic
hypo-elasticity of Lashkari (2010); (d) hyper-elasticity of Einav and Puzrin (2004); (e) hyper-elasticity of Houlsby et al. (2005); and hyper-elasticity of Jiang and Liu (2003,
2007) (data taken from Verdugo and Ishihara (1996)).
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ence of each type of elasticity on the predictive capacity of the
existing constitutive models. For the aim of comparison, simula-
tions obtained from the model of Dafalias and Manzari (2004),
which tries to improve the predicted response using a fabric–dilat-
ancy approach (see Eq. (46) of Table 3), are added to the series of
comparisons.
Three loading/unloading triaxial tests on dense samples of
Toyoura sand all starting at pin = 1000 kPa are considered here.
Specimens initially experience a slight contraction followed by a
robust dilatation as a result of their dense state. The stress paths
are sharply reversed following the loading reversal. Predictions
by the application of the model with isotropic hypo-elasticity
[i.e., Eq. (47)] are shown in Fig. 15(a). The initial soil fabric is nearly
isotropic and thus, predictions in the loading phase are in agree-
ment with data. At shear reversal, soil fabric is highly anisotropic.
As a consequence, this model fails to provide realistic predictions
because of the lack of proper elements for modeling the inﬂuence
of anisotropy on the elastic and plastic portions of the behavior. To
consider the outcome of fabric evolution, Dafalias and Manzari
(2004) suggested to modify the dilatancy function by using a
fabric-dilatancy parameter (see Eq. [46] in Table 3); nevertheless,
elasticity is still of isotropic hypo-elasticity type in their model.Predicted behaviors using the model of Dafalias and Manzari
(2004) are depicted against experimental data in part (b) of
Fig. 15. Compared with part (a), a tangible improvement can be
observed; however, the predicted curves lag behind the data
immediately after loading reversals due to ignoring the inﬂuence
of anisotropy on elasticity. In addition, it is observed that the fab-
ric–dilatancy parameter attempts to compensate the lag by impos-
ing an excessive contraction. As a result, the predicted reverse
stress paths are not fairly similar to those of experiments. In
Fig. 15(c), the predictions using the anisotropic hypo-elasticity of
Lashkari (2010) [i.e., Eq. (48)] are compared with experimental
data. It is evident that the latter approach captures very realistic
simulations after the shear reversal. However, far from the reversal
points (i.e., q < 1000 kPa), the model is less successful since it does
not consider the inﬂuence of induced anisotropy on the plastic
ingredients of the model. In this regard, Lashkari (2010) showed
that an improved model characterized by both anisotropic hypo-
elasticity and modiﬁed dilatancy by fabric–dilatancy effect allows
to obtain the most desirable simulations. From a practical view-
point, Fig. 15(c) proves the importance of anisotropic elasticity
on the predictive capacity of constitutive models of granular soils.
On the other hand, the anisotropic elasticity in the model of
Lashkari (2010) [i.e., Eq. (48)] belongs to the hypo-elastic family
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Fig. 16. Comparison of experimental data and simulated behaviors by using the
model of this study for three loading/unloading undrained triaxial tests on dense
samples of Toyoura sand (data taken from Verdugo and Ishihara (1996)).
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the fabric–dilatancy parameter z [used in Dafalias and Manzari
(2004) and Lashkari (2010)] does not evolve for the samples in
loose state for which the plastic volume change response is con-
tractive (i.e., _epv > 0). However, micromechanical studies have con-
ﬁrmed that loose samples of granular soils, as well as dense
samples, are affected by the stress-induced fabric anisotropy. Fur-
thermore, for the existing granular deposits, the in situ measure-
ment of volumetric strains associated with previous loadings is
nearly impossible and hence, the practical application of Eq. (46)
is problematic.
Hyper-elasticity theory conserves energy and imposes anisot-
ropy in the elastic response in a natural unforced way (e.g., Einav
and Puzrin, 2004). Through parts (d)–(f) of Fig. 15, similar predic-
tions by elasto-plastic models using three different hyper-elastic
models undertaking the role of predicting the elastic portion of
the behavior are depicted against experimental data. With respect
to Fig. 15(a), a slight improvement is achieved; however, the men-
tioned progress is not remarkable when they are compared with
the simulations shown in part (c). It is noteworthy that the
hyper-elasticity theories of Einav and Puzrin (2004) [i.e., Eq.
(49)], Houlsby et al. (2005) [i.e., Eq. (50)], and Jiang and Liu
(2003, 2007) [i.e., Eq. (51)] assume a ﬁxed v (=0.5) in their formu-
lation which is not in agreement with the evolving nature of v
observed in the laboratory. As a consequence, they cannot properly
consider the evolving nature of elastic moduli during shear loading
(see Fig. 10(b)). All predictions except those shown in Fig. 15(c) are
obtained from the parameters given in Dafalias and Manzari
(2004). For Fig. 15(c), parameters are those presented in Lashkari
(2010).
The proposed hyper-elasticity of this study takes into account
the evolving nature of the elastic moduli by considering elastic–
plastic coupling. By using the elasticity of this study in conjunction
with the plasticity platform which was modiﬁed to adopt the
proposed elasticity (see Section 3); predictions are illustrated
together with experimental results in Fig. 16. It can be observed
that the modiﬁed model of this study reasonably predicts the mea-sured behavior of the samples in both loading and unloading parts.
It is remarkable that the evolving v not only affects the elastic
ingredients of the model, but also inﬂuences the plastic hardening
modulus and plastic strain rates through Eqs. (8), (26) and (30).
8. Concluding remarks
The elastic moduli of granular soils like sands are highly depen-
dent on mean principal effective stress. In the literature, numerous
experimental studies indicate that the elastic moduli of sands
depend on pv, where p is mean principal effective stress and v is
a non-dimensional parameter. Direct measurements revealed that
v is inﬂuenced by plastic strains. Particularly, v remains
unchanged when sand behaves elastically. However, v increases
gradually with the shear stress ratio when the mechanical behavior
is elasto-plastic. In the past, the evolution of v was ignored in the
deﬁnition of constitutive models. This issue was considered here
within the framework of hyper-elasticity which guarantees the
ﬁrst law of thermodynamics (i.e., conservation of energy) to be
obeyed. To achieve this goal, general constitutive equations relat-
ing the evolution of v to a suitably deﬁned kinematic hardening
parameter were discussed ﬁrst. Then, the proposed approach was
applied to an existing Gibbs free energy function that originally
ignored the evolving nature of v. The result was a coupled
hyper-elastic model considering the evolution of v as a function
of a plastic hardening variable. The modiﬁed hyper-elastic model
was then implemented into a critical state compatible bounding
surface plasticity model for granular soils. New deﬁnitions for
dilatancy and plastic hardening modulus were introduced. The
improved elasto-plastic model was evaluated against experimental
data of triaxial tests. Comparing directly with other existing
approaches, the importance of considering the elastic–plastic cou-
pling effects on v was discussed. It was shown that the suggested
approach can explain the evolution of elastic Young’s moduli dur-
ing shear. In the current form, the inﬂuence of initial (i.e., inherent)
anisotropy on the model elements was ignored. To this aim, one
can modify Gibbs free energy function, state parameter, dilatancy,
and plastic hardening modulus in accordance with the novel aniso-
tropic critical state theory of Li and Dafalias (2012).
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Appendix A
Through the following lines, the concept behind the Gibbs
energy function of Eq. (31) is explained. To this aim, a step-by-step
procedure leading to Eq. (31) is outlined:
In the ﬁrst step, let’s consider the following free energy
function:
Cðp; qÞ ¼ p
2
2Kpref
þ q
2
6Gpref
ðA1Þ
where K , G and pref are deﬁned in Eq. (31). Now, according to the
deﬁnition of Gibbs free energy function (see Eqs. (3) and (4)), one
has:
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@Cðp; qÞ
@p
¼ p
Kpref
; eeq ¼
@Cðp; qÞ
@q
¼ q
3Gpref
ðA2Þ
and
_eev ¼
@ev
@p
_pþ @ev
@q
_q ¼ 1
Kpref
_p; _eeq ¼
@eq
@p
_pþ @eq
@q
_q ¼ 1
3Gpref
_q ðA3Þ
Considering Eq. (A3), it can be obtained:
_p
_q
 
¼ Kpref 0
0 3Gpref
 !
_eev
_eeq
( )
ðA4Þ
According to Eq. (A4), G ¼ Gpref and K ¼ Kpref are, respectively,
the elastic shear and bulk moduli associated with the Gibbs free
energy function of Eq. (A1). It should be noted that the elastic mod-
uli of granular soils are highly dependent on mean principal
effective stress. However, the latter elastic moduli do not depend
on p and hence, Eq. (A1) is not proper for granular soils.
To impose the pressure dependency over the elastic moduli, a
modiﬁed version of Eq. (A1) in the following form is considered
as the second step:
Cðp; qÞ ¼ 1
pv
p2
ð2 vÞð1 vÞKp1vref
þ q
2
6Gp1vref
 !
¼ p
2v
ð2 vÞð1 vÞKp1vref
þ q
2
6Gp1vref pv
ðA5Þ
where v is a material parameter. Based on Eq. (A5), elastic strains
are calculated by:
eev ¼
p1v
ð1 vÞKp1vref
 vq
2p1v
6Gp1vref
; eeq ¼
qpv
3Gp1vref
ðA6Þ
Further partial differentiations and some ordinary algebraic cal-
culations lead to the following rate-type constitutive equation:
_p
_q
 
¼ 1
1 vðv1Þ2 g2 K3G

  Kpref ppref

 v
vgKpref ppref

 v
vgKpref ppref

 v
3 Gþ vðvþ1Þ6 g2K

 
pref
p
pref

 v
0
B@
1
CA _eev_eeq
( )
ðA7Þ
where g = q/p is stress ratio. For extremely small shear stress levels,
g? 0 and consequently, Eq. (A7) is simpliﬁed to:
_p
_q
 
¼
Kpref
p
pref

 v
0
0 3Gpref
p
pref

 v
0
B@
1
CA _eev_eeq
( )
ðA8Þ
Consistent with experiments, it can be observed that Eq. (A5) is
capable of considering pressure-dependency of elastic moduli in
granular soils. Furthermore, Eq. (A5) leads to elastic moduli identi-
cal to those presented through Eqs. (32)–(34).
According to Eq. (A6), C(p,q), eev , and eeq are zero only at p = 0
and q = 0. Hence, in Eq. (A5), (p,q) = (0,0) is the benchmark stress
for the measurement of free energy and elastic strains. To elimi-
nate this deﬁciency, Eq. (A5) should be generalized to Eq. (31) in
which, C(p,q), eev , and eeq can be set to zero at any arbitrary stress
state (p,q) = (p0,q0).
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